The efficiency of four-wave-mixing arising from Raman and non-resonant nonlinear susceptibilities in silicon waveguides is studied in the 1.3 -1.8µm regime. The wavelength conversion efficiency is dominated by the Raman contribution to the nonlinear susceptibility, and high conversion efficiencies can be achieved under the phase-matching condition. In this context, dispersion in silicon waveguides is analyzed and it is shown that phase-matching is achieved in properly engineered waveguides where birefringence compensates for material dispersion. Finally the sensitivity of the phase mismatch to fabrication-induced errors in waveguide dimensions is quantified.
Introduction
Silicon-On-insulator (SOI) has emerged as an ideal platform for integrated optics. Driven by the electronic IC industry, the quality of commercial SOI wafers continue to improve while the cost continues to decrease. This along with complete compatibility with silicon IC technology has been fueling interest in SOI integrated optics [1] . Compared to other integrated optics platforms, a distinguishing property of SOI is the tight optical confinement made possible by the large index mismatch between the silicon and SiO 2 . This renders SOI ideal for photonic band structures as it minimizes radiation into the substrate even when extreme index modulation is performed [2] . While a myriad of high performance passive devices have been realized, creation of active devices has been an elusive goal. In particular, the near-absence of nonlinear optical properties caused by the inversion symmetry of the crystal structure, and the lack of efficient optical transitions due to the indirect band structure, have contributed to the premature perception of silicon being useful only as an optically passive material.
Recently, we have proposed and demonstrated the use of Raman effect to achieve active optical functionality in silicon waveguides [3] . Raman effect is successfully exploited in fiber amplifiers and lasers, however several kilometers of fiber are required to create a device. The premise is that the gain coefficient for Stimulated Raman Scattering (SRS) is approximately 10 4 times higher in silicon than in silica. Additionally, SOI waveguides can confine the optical field to an area that is approximately 100 times smaller than the modal area in a silica fiber. The combination of these properties will make SRS observable over millimeter-scale interaction lengths encountered in an integrated optic device.
The observation of SRS has led to the first demonstration of wavelength conversion in silicon waveguides [4] . The conversion is achieved by the combination of SRS and the parametric 3 rd order optical nonlinearity in the medium. Coherent Anti-Stokes Raman Scattering (CARS) occurs through coherent interaction of the two waves with a high intensity pump. Wavelength conversion is of paramount importance in optical networks because it enables optical packet switching, a key milestone in the realization of all-optical networks. While the recent demonstration [4] highlights the potential for a silicon wavelength converter, the observed conversion efficiency of 10 -5 will have to be drastically increased before a practical device can be realized. Since the limited efficiency is due to the phase mismatch inside the SOI rib waveguide, the key problem is how to engineer the Group Velocity Dispersion (GVD) inside the waveguide in order to attain phase matching.
In this paper, we outline this problem and propose an effective solution leading to high conversion efficiencies. Through numerical simulations, we show how phase matching can be achieved by the proper design of the rib geometry. The analysis takes into account contributions due to (i) material dispersion, (ii) waveguide dispersion, (iii) self and cross phase modulation, and (iv) birefringence. The two dominant terms, material and birefringence, can offset each other leading to ideal phase matching. It is shown that in such waveguides, peak conversion efficiencies of tens of percent can be achieved at pump intensities of 10MW/cm 2 in a 2cm long waveguide with a loss of 1dB/cm. In Section 2, the relevant nonlinear optical properties of silicon are summarized. Section 3 outlines the phase matching condition and describes various contributions to the overall GVD. Section 4 provides the design of phase matched SOI waveguides. Section 5 considers the sensitivity of phase matching to variations in waveguide dimension caused by fabrication errors.
Non-linear processes in SOI waveguides
In silicon there are two main sources of 3 rd order nonlinear optical response. The nonlinear response of the electrons to the optical field (electronic -non-resonant susceptibility) [5] , and the interaction of the optical field with the optical branch of the lattice vibration through the electron-phonon interaction (Raman -resonant susceptibility) [6] . For the Raman interaction the Stokes shift is Ω R = 15.6THz and the resonance half-width is Γ R = 2π × 53GHz. In the crystallographic axes system x,y,z the resonant susceptibility has nonzero components R xyxy R xyyx χ χ = (and other permutations of the cubic axes x,y,z) and these can be written as :
where ω ∆ is the frequency shift with respect to the pump frequency and the peak value [7] . Two-photon absorption will be ignored throughout the paper. It has been measured in previous work [3] and found to be negligible for intensities up to ~ 100MW/cm 2 . The situation described above is for a bulk crystal. We have recently shown that in SOI waveguides the resonant part of the nonlinear optical constants are modified by a scaling factor which is very close to unity and that TE and TM Stokes waves generated by Stimulated Raman Scattering (SRS) propagate independently [8] . Also measurement in [9] 
In the above equations x is the propagation length [11] , the conversion efficiency is dominated by the Raman contribution to the nonlinear susceptibility.
The effect of the SPM of the pump wave and of the XPM of the Stokes and Anti-Stokes waves due to the pump wave are included in the β ∆ term, as will be shown below. The efficiency for Stokes to anti-Stokes power conversion is plotted in Fig. 1 for a 2cm long waveguide with 4µm 2 cross-section and for 400mW monochromatic pump at 1434nm. 0.1 and 1 dB/cm losses have been assumed in this example. A peak efficiency of ~18% is obtained at the phase matched condition. It shows that the conversion efficiency is a strong function of phase mismatch. For example even a modest phase mismatch of 10 cm -1 reduces the conversion efficiency by approximately 20dB. It should be acknowledged that this analysis assumes a zero linewidth pump. The finite pump linewidth will lower the overall efficiency. 
The phase-matching condition in SOI waveguides
The SOI rib waveguide geometry is shown in Fig.2 . It has been shown [12] that single-mode propagation can be realized through a judicious choice of w and h, even for a wavelength h w, << λ . When the single-mode condition is satisfied the waveguides support two modes, one approximately TE polarized (E field parallel to the horizontal) and the other approximately TM polarized (H field parallel to the vertical). Since the index difference between Si and SiO 2 is large, the mode lies almost entirely in the Si area and we expect the dispersion of these waveguides to be very low. cm , depending on the specific rib dimensions. Thus the birefringence can be used to cancel the material dispersion and phase-match the interacting waves. Should one use TM polarization for the pump and TM for the Stokes and Anti-Stokes waves, the birefringence term will have the opposite sign and it adds up to the material dispersion.
Ignoring the XPM/SPM contribution and expanding the propagation constants in a Taylor series around the pump frequency 1 ω , the phase mismatch in Eq. (5) can be written as:
From left to right, the terms are due to birefringence, waveguide dispersion and material dispersion, respectively. For non-zero It is thus possible, to achieve phase-matching by designing the waveguide so that the birefringence and material dispersion terms cancel each other.
Simulation results
The waveguide dispersion and birefringence effects were calculated with a commercial software package (Fimmwave TM Version 4.1.6) which uses the mode-matching technique to calculate the propagation constant. All the waveguides chosen for the simulations satisfy the single-mode condition [12] . First a fixed total rib height H = 1.4um was chosen and the ratio h/H was varied from 0.5 to 0.7, with the rib width w taking values 1.0 , 1.2 and 1.4µm. The results for the total wavevector mismatch in CARS are shown in Figs. 4 and 5, for anti-Stokes (1334.8nm) to Stokes (1550nm) conversion and Stokes (1847.9 nm) to Anti-Stokes (1550nm) respectively. The mismatch is different in the two cases because the wavelengths involved are different. Larger pump wavelength leads to higher birefringence and waveguide dispersion. The above trend shows that as we go from h/H = 0.5 towards the slab waveguide limit of h/H = 1, the mismatch increases. This is due to the fact that this mismatch is dominated by the birefringence which assumes its highest value when the slab geometry is approached (in the other extreme, a square waveguide has zero birefringence).
Adjusting the relative dimensions offers flexibility but for H = 1.4um waveguides the minimum wavevector mismatch achieved with the above variations is ~ 360cm -1 . We next consider fixed ratios of h/H = 0.6 and w/H = 1 and vary w from 2 to 3.5um. The total mismatch (both waveguide and material contributions) as shown in Fig. 6 and drops rapidly as the rib width increases from 2 to 3.5µm. This result is expected and shows that there is an optimum waveguide dimension (around w = 2.35µm), where the birefringence and material dispersion will cancel.
The dependence of the phase-mismatch on the pump frequency is also of interest. For a waveguide of dimensions w = H = 2.3µm, h = 0.6H the different contributions to the wavevector mismatch and the total mismatch are shown in Fig. 7 for Stokes wavelength between 1500 -1600nm (pump wavelengths 1391 -1477nm). Phase-matching is achieved for Stokes wavelength around 1520nm. The calculated waveguide dispersion is ~11cm -1 , very low in comparison with the birefringence. We have considered it to be constant over the range of frequencies used. In general, for different waveguide profiles the dispersion is on the order of ~ 5 -10 cm 
Sensitivity to fabrication errors
The above discussion has outlined the technique for achieving phase matching in silicon rib waveguides leading to large wavelength conversion efficiency. Phase matching can be obtained for specific waveguide dimensions. An important issue is the sensitivity of the phase matching condition, and hence the conversion efficiency, to deviations in the rib height and width from the desired values. In practice deviations will occur due to fabrication errors.
Rib waveguides are typically fabricated by using photolithography to define the rib width and Deep Reactive Ion Etching (DRIE) to achieve the desired rib height [1] . Uncertainties in mask dimensions and undercutting during the etching will result in a reduction in the fabricated rib width. A conservative estimate for this reduction is 200nm. Variation in the rib height will result from uncertainty in the actual etch rate. A conservative estimate is +/-5% of the etch depth. Fig. 8 shows the rib waveguide geometry and possible deviations from the targeted profile. , the variations in width or etch depth must be less than 70nm and 10nm, respectively. While these are stringent requirements, they are within the capability of silicon manufacturing which is currently producing microprocessors with tens of millions of transistors with 90nm feature size [15] . The tolerance in such processes is typically better than ±5% (i.e., ±4.5nm).
